
PROBLEMS ABOUT GREENE-KRANTZ’S CONJECTURE
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Abstract. We consider several problems about tangential holomorphic vector
fields.

1. Tangential holomorphic vector fields

Let M be a C∞-smooth real hypersurface in Cn and p ∈ M . We denote by
Aut(M,p) the stabilty group of M , that is, those germs at p of biholomorphisms
mapping M into itself and fixing p. We also denote by hol0(M,p) the set of germs
at p of real-analytic infiniresimal CR automorphisms of M vanishing at p, i.e.,
X ∈ hol0(M,p) if and only if there exists a germ Z at p of a holomorphic vector
field in C2 vanishing at p such that Re Z is tangent to M and X = Re Z |M .

Let a(z) =
∑∞
n=1 anz

n be a nonzero holomorphic function defined on ∆ε0 (ε0 >
0) and let p, q be C∞-smooth functions defined respectively on (0, ε0) and [0, ε0)
satisfying q(0) = 0 and limt→0+ p(t) = −∞. Denote by M(a, α, p, q) the germ at
(0, 0) of a real hypersurface defined by

ρ(z1, z2) := Re z1 + P (z2) + f(z2, Im z1) = 0,

where f and P are respectively defined on ∆ε0 × (−δ0, δ0) (δ0 > 0 small enough)
and ∆ε0 by

f(z2, t) =

− 1
α log

∣∣∣ cos
(
R(z2)+αt

)
cos(R(z2))

∣∣∣ if α 6= 0

tan(R(z2))t if α = 0,

where R(z2) = q(|z2|)− Re
(∑∞

n=1
an
n z

n
2

)
for all z2 ∈ ∆ε0 , and

P (z2) =

{
1
α log

[
1 + αP1(z2)

]
if α 6= 0

P1(z2) if α = 0,

where

P1(z2) = exp
[
p(|z2|) + Re

( ∞∑
n=1

an
in
zn2

)
− log

∣∣ cos
(
R(z2)

)∣∣]
for all z2 ∈ ∆∗ε0 and P1(0) = 0.

We remark that q, p can be chosen so that P,R are C∞-smooth in ∆ε0 and
P vanishes to infinite order at 0, and hence M(a, α, p, q) is C∞-smooth and is of
infinite type in the sense of D’Angelo (cf. [5]). In what follows, M(a, α, p, q) stands
for such a hypersurface.

In [12], the author proved the following theorem.
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Theorem 1 ([12]). hol0
(
M(a, α, p, q), 0

)
is generated by

Hα(z1, z2) = Lα(z1)a(z2)
∂

∂z1
+ iz2

∂

∂z2
,

where

Lα(z1) =

{
1
α

(
exp(αz1)− 1

)
if α 6= 0

z1 if α = 0.

It is also shown in [12] that if M is a C∞-smooth hypersurface in C2 satisfying
that P is positive on a punctured dick, P vanishes to infinite order at 0, and f(z2, t)
is real-analytic in a neighborhood of (0, 0) in C×R, then hol0(M, 0) 6= 0 if and only
if, after a change of variable in z2, M = M(a, α, p, q) for some a, α, p, q.

We let φαt (t ∈ R) denote the holomorphic map defined on a neighborhood U of
the origin in C2 by setting

φαt (z1, z2) =


(
− 1

α ln
[
1 + (e−αz1 − 1) exp

( ∫ t
0
a(z2e

iτ )dτ
)]
, z2e

it
)

if α 6= 0(
z1 exp

( ∫ t
0
a(z2e

iτ )dτ
)
, z2e

it
)

if α = 0.

By shrinking U if necessary we can see that φαt (t ∈ R) is well-defined. In addition,
each φαt preserves M(a, α, p, q). Moreover, it is checked that {φt}t∈R is a one-
parameter subgroup of Aut

(
M(a, α, p, q), 0

)
, which is generated by the holomorphic

vector field Hα.

Theorem 2 ([13]). Aut
(
M(a, α, p, q), 0

)
= {φαt | t ∈ R}.

Now let us recall that a C∞-smooth M is radially symmetric if it is defined by

ρ(z1, z2) = Re z1 + ψ(z2, Im z1),

where ψ is a C∞-smooth function defined on a neighborhood of (0, 0) ∈ C×R, say
∆ε0 × (−δ0, δ0) (ε0, δ0 > 0), satisfying

(i) ψ(z2, t) = ψ(|z2|, t) for all (z2, t) ∈ ∆ε0 × (−δ0, δ0)
(ii) ψ(z2, 0) > 0 for any z2 ∈ ∆∗ε0 , and

(iii) ψ(z2, 0) vanishes to infinite order at z2 = 0.

We notice that if M is radially symmetric, then M is of infinite type at (0, 0).
Moreover, J. Byun et al. [3] obtained the following theorem.

Theorem 3 ([3]). If M is radially symmetric, then hol0(M, 0) is generated by

HR(z1, z2) = iz2
∂

∂z2
.

Let us denote by {Rt}t∈R the one-parameter subgroup of Aut(M, 0) generated
by the holomorphic vector field HR(z1, z2) = iz2

∂
∂z2

, that is,

Rt(z1, z2) =
(
z1, z2e

it
)
, ∀t ∈ R.

Theorem 4 ([13]). If M is radially summetric, then Aut(M, 0) = {Rt | t ∈ R}.
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2. Greene-Krantz conjecture

Definition 1. A boundary point p ∈ ∂Ω is called a boundary orbit accumulation
point if ∃ {fj} ⊂ Aut(Ω) and ∃ q ∈ Ω such that fj(q)→ p as j →∞.

Definition 2. A boundary point p ∈ ∂Ω is called a parabolic orbit accumulation
point if ∃ a one-parameter subgroup {φt}t∈R ⊂ Aut(Ω), i.e. φt ◦φs = φt+s ∀t, s ∈ R
and φ0 = IdΩ, such that

lim
t→±∞

φt(z) = p

for all z ∈ Ω.

Conjecture. (Greene-Krantz’s Conjecture) Let Ω b Cn be a C∞-smooth bounded
domain with Aut(Ω) noncompact. Then every boundary orbit accumulation point
is of finite type.

Conjecture. (Weak Greene-Krantz’s Conjecture) Let Ω b Cn be a C∞-smooth
bounded domain with Aut(Ω) noncompact. Then every parabolic orbit accumula-
tion point is of finite type.

3. Problems

Problem 1. Show that if M is of infinite type, then it is holomorphic nondegen-
erate at any infinite type point, i.e., there is no holomorphic vector field X whose
real part and imaginary part are tangent to M (X is complex tangent to M)?

Problem 2. Show that hol0(M, 0) = {0}, where ψ(z2, t) = exp(− 1
|z2|2+t2 ) or not?

Problem 3. Remove the condition that P > 0 in preprints [12, 13, 11]?

Problem 4. Compute Aut(M, 0), where M is neither radially symmetric nor M 6=
M(a, α, p, q)? Is it true that Aut(M, 0) = {id}? It is solved for infinite type models,
with Prof. Atsushi Hayashimoto.

Problem 5. Compute Aut(Ω), where ΩP = {(z1, z2) ∈ C2 : Re z1 +P (z2) < 0}? Is
it true that Aut(Ω) = {(z1, z2) 7→ (z1 + it, z2) : t ∈ R}? It is solved for rotationally
symmetric infinite type models, with Prof. Tran Vu Khanh.

Problem 6 (general). Compute Aut(Ω), where Ω = {(z1, z2) ∈ C2 : Re z1 +
f(z2, Imz1) < 0}? Is it true that Aut(Ω) = {id} in general, Aut(Ω) = {Rt | t ∈ R}
in the case ∂Ω(= M) is radially symmetric, and Aut(Ω) = {φαt | t ∈ R} in the case
∂Ω = M(a, α, p, q)?

Problem 7. Compute Aut(Ω), where Ω = {(z1, z2) ∈ C2 : |z1|2 + P (z2) < 1}? Is
it true that Aut(Ω) = {(z1, z2) 7→ (eαiz1, z2) : α ∈ R} in general?

Problem 8 (general). Compute Aut(Ω), where Ω = {(z1, z2) ∈ C2 : |z1|2 +
f(z2, Imz1) < 1}? Is it true that Aut(Ω) = {id} in general?

Problem 9 (special case). Compute Aut(Ω), where Ω = {(z1, z2) ∈ C2 : Re z1 +
exp(− 1

|z2|2 ) < 0}? Is it true that Aut(Ω) = {(z1, z2) 7→ (z1 + it, eβiz2) : t, β ∈ R}?
It is solved, with Prof. Tran Vu Khanh.

Problem 10 (special case). Compute Aut(Ω), where Ω = {(z1, z2) ∈ C2 : |z1|2 +
2 exp(− 1

|z2|2 ) < 1}? Is it true that Aut(Ω) = {(z1, z2) 7→ (eαiz1, e
βiz2) : α, β ∈ R}?
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Problem 11. Compute Aut(MH), where MH = {(z1, z2) ∈ C2 : |z1|2 +H(z2) < 1}
(models!), where H is a homogeneous subharmonic polynomial of degree 2m? (see
[14]).

Problem 12. Compute the set of proper maps between MH and (MH̃ , where
MH = {(z1, z2) ∈ C2 : |z1|2 + H(z2) < 1} (models!), where H is a homogeneous
subharmonic polynomial of degree 2m?

Problem 13. Compute the set of proper maps between ΩP and ΩP̃ , where ΩP =
{(z1, z2) ∈ C2 : |z1|2 + P (z2) < 1} (models!), where P is a real function vanishing
at infinite order at the origin?
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